1. Introduction 1.1. Let C be a smooth projective curve of genus 0. Let B be the variety of complete flags in an n-dimensional vector space V . Given an (n − 1)-tuple α ∈ N[I] of positive integers one can consider the space Q α of algebraic maps of degree α from C to B. This space is noncompact. Some remarkable compactifications Q D α (Quasimaps), Q L α (Quasiflags) of Q α were constructed by Drinfeld and Laumon respectively. In [Ku] it was proved that the natural map π : Q This note is a sequel to [Ku] and [FK] . In fact, the local geometry of Q D α was the subject of [Ku] ; the global geometry of Q D α was the subject of [FK] , while the microlocal geometry of Q D α is the subject of the present work. We will freely refer the reader to [Ku] and [FK] .
2. Reductions of the main theorem 2.1. Notations.
2.1.1. We choose a basis {v 1 , . . . , v n } in V . This choice defines a Cartan subgroup H ⊂ G = SL(V ) = SL n of matrices diagonal with respect to this basis, and a Borel subgroup B ⊂ G of matrices upper triangular with respect to this basis. We have B = G/B.
Let I = {1, . . . , n − 1} be the set of simple coroots of G = SL n . Let R + denote the set of positive coroots, and let 2ρ = θ∈R + θ. For α = a i i ∈ N[I] we set |α| := a i . Let X be the lattice of weights of G, H. Let X + ⊂ X be the set of dominant (with respect to B) weights. For λ ∈ X + let V λ denote the irreducible representation of G with the highest weight λ.
Recall the notations of [Ku] concerning Kostant's partition function. For γ ∈ N[I] a Kostant partition of γ is a decomposition of γ into a sum of positive coroots with multiplicities. The set of Kostant partitions of γ is denoted by K(γ).
There is a natural bijection between the set of pairs 1 ≤ q ≤ p ≤ n − 1 and R + , namely, (p, q) corresponds to i q +i q+1 +. . .+i p . Thus a Kostant partition κ is given by a collection of nonnegative integers (κ p,q ), 1 ≤ q ≤ p ≤ n − 1. Following loc. cit. (9) we define a collection µ(κ) as follows: µ p,q = r≤q≤p≤s κ s,r .
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Recall that for γ ∈ N[I] we denote by Γ(γ) the set of all partitions of γ, i.e. multisubsets (subsets with multiplicities) Γ = {{γ 1 , . . . , γ k }} of N[I] with k r=1 γ r = γ, γ r > 0 (see e.g. [Ku] 
It is known to be a smooth projective variety of dimension 2|α| + dim B. 
The space Q D α is naturally embedded into the product of projective spaces
and is closed in it (see loc. cit. 1.2.5). Here ω p stands for the fundamental weight dual to the coroot i p . The fundamental representation V ωp equals Λ p V .
2.2. We will study the characteristic cycle of the Goresky-MacPherson perverse sheaf (or the corresponding regular holonomic
is embedded into the smooth space P α , we will view this characteristic cycle SS(IC α ) as a Lagrangian cycle in the cotangent bundle T * P α . A priori we have the following equality:
closures of conormal bundles with multiplicities.
Theorem. SS(IC α ) = T * Qα P α is irreducible. In the following subsections we will reduce the Theorem to a statement about geometry of Laumon's resolution.
2.3. We fix a coordinate z on C identifying it with the standard P 1 . We denote by Q
α the open subspace formed by quasimaps which are genuine maps in a neighbourhood of the point ∞ ∈ C. In other words, (
Evidently, Q ∞ α intersects all the strata D β,Γ . Thus it suffices to prove the irreducibility of the singular support of Goresky-MacPherson sheaf of Q ∞ α . There is a well-defined map of evaluation at ∞ ∈ C:
It is compatible with the stratification of Q ∞ α and realizes Q ∞ α as a (stratified) fibre bundle over B. In effect, G acts naturally both on Q ∞ α (preserving stratification) and on B; the map Υ α is equivariant, and B is homogeneous. We denote the fiber Υ −1 α (B) over the point B ∈ B by Z α . It inherits the stratification
It is just the transversal intersection of the fiber Υ −1 α (B) with the stratification of Q ∞ α . As in [Ku] 1.3.5 we have ZD
Hence it suffices to prove the irreducibility of the singular support
2.4. Factorization. The Theorem 6.3 of [FM] admits the following immediate Corollary. Let
Recall the nonnegative integers m 
We also choose a sufficiently generic meromorphic function f on P γ regular around φ and vanishing on D 0,{{γ}} γ . According to the Proposition 8.6.4 of [KS] , the multiplicity in question is 0 iff Φ f (IC γ ) φ = 0, i.e. the stalk of vanishing cycles sheaf at the point φ vanishes.
To compute the stalk of vanishing cycles sheaf we use the following argument, borrowed from [BFL] Proposition. For a sufficiently generic ξ such that (φ, ξ) ∈ T * D 0,{{γ}} γ P γ , the microlocal fiber of Laumon's resolution π over (φ, ξ) is empty. Equivalently, the cone
is a proper subvariety of the fiber of T * D 0,{{γ}} γ P γ at φ.
2.6. Piecification of a simple fiber. The fiber π −1 (φ) was called the simple fiber in [Ku] §2. It was proved in loc. cit. 2.3.3 that π −1 (φ) is a disjoint union of (pseudo)affine spaces S(µ(κ)) where κ runs through the set K(γ) of Kostant partitions of γ (for the notation µ(κ) see 2.1.1 or [Ku] (9)). Another way to parametrize these pseudoaffine pieces was introduced in [FK] 2.11. Let us recall it here.
We define nonnegative integers c p , 1 ≤ p ≤ n − 1, so that γ = n−1 p=1 c p i p .
Definition. D(γ) is the set of collections of nonnegative integers (d
2.6.2. Lemma. The correspondence κ = (κ p,q ) 1≤q≤p≤n−1 → (d p,q := n−1 r=p κ r,q ) 1≤q≤p≤n−1 defines a bijection between K(γ) and D(γ). 2 2.6.3. Using the above Lemma we can rewrite the parametrization of the pseudoaffine pieces of the simple fiber as follows:
In these terms the dimension formula of [Ku] 2.3.3 reads as follows:
Note also that 1≤q≤p≤n−1 d p,q = 1≤p≤n−1 c p = |γ|.
Proposition. For arbitrary
This Proposition implies the Proposition 2.5.2 straightforwardly. In effect, codimKer (E 1 , . . . , E n−1 ). Here
concentrated at 0 ∈ C.
Now the T-action contracts S(d) to δ(d).
Since the map π is T-equivariant, and the dimension of Ker(d E• π) is lower semicontinuous, the Proposition 2.7 follows from the next one.
The proof will be given in the next section. 3. The proof of the Key Proposition 3.1. Tangent spaces. Let Ω be the following quiver: Ω = 1 −→ 2 −→ . . . −→ n − 1. Thus the set of vertices coincides with I. A quasiflag (E 1 ֒→ E 2 ֒→ . . . ֒→ E n−1 ⊂ V) ∈ Q L γ may be viewed as a representation of Ω in the category of coherent sheaves on C. If we denote the quotient sheaf V/E p by Q p , 1 ≤ p ≤ n − 1, we have another representation of Ω in coherent sheaves on C, namely,
where Hom Ω (?, ?) stands for the morphisms in the category of representations of Ω in coherent sheaves on C.
From now on we fix
To unburden the notations we will denote the tangent space
γ is a smooth (2|γ| + dim B)-dimensional variety it suffices to find a subspace N ⊂ T of dimension
Recall that we have canonically T = Hom Ω (E • , Q • ), where
Ov q .
Let us define a map
• is a morphism of representations of the quiver Ω.
Proof. We need to check the commutativity of the following diagram
Since E p and Q p ′ are canonically decomposed into the direct sum it suffices to note that for any q ≤ p ≤ p ′ < r the following diagram
Ov r Ov r Ov r commutes and for any q ≤ p < r ≤ p ′ the following diagram
commutes as well.
O(−dp,p) ). Define the map ν 1 : N 1 → T by assigning to 1 ∈ N 1 the element F ∈ Hom Ω (E • , Q • ) defined on E p,p as the composition
and with all other components equal to zero.
3.7. Let M(r, d; V) denote the space of rank r and degree d subsheaves in V.
3.7.1. Let E ⊂ V be a rank k and degree d subsheaf in the vector bundle V. Let V/E = T ⊕ F be a decomposition of the quotient sheaf into the sum of the torsion T and a locally free sheaf F . Consider the map det :
to the subspace Hom(E, F ) ⊂ Hom(E, V/E) factors as Hom(E, F ) ∼ = Hom(Λ k E, This immediately follows from the following fact. LetẼ = O ⊕r ⊂ V be the normalization of E in V, that is, the maximal vector subbundleẼ ⊂ V such thatẼ/E is torsion. Then
3.7.3. Clearly, the subsheaves Λ k−1 E ⊗ F ⊂ Λ k V/Λ k E and T ⊂ Λ k V/Λ k E do not intersect. 
